Abstract: In this paper we study different kinds of symmetries related to the domino tilings of chessboards.
PARTITIONING THE DOMINOS
In 1961 This formula is well-known as the Kasteleyn formula. For example, for the 6 × 6 chessboard we have 6728 different tilings. As an example, we show one of them here.
Note that 6728 = 2 3 29 2 is really a nice number; however, none of Kasteleyn's eighteen cos 2 terms is constructible with ruler and compass. Interestingly enough, in case of a 16 × 16 chessboard, all terms of the Kasteleyn formula is constructible.
(The interested reader can find the details in our recent paper listed in the references.)
It is a well-known math competition problem that for any domino tiling out of the 6728 different variations, we can always find a straight line completely separating the dominos into two nonempty groups. (No domino is bisectible, of course.) Our next figure shows the solution for our example above.
In the recent paper we ask a similar question. As in graph theory, by a Hamiltonian path, we mean such a path which starts at a vertex, ends at another vertex, and goes through all other vertices. In summary, a Hamiltonian path visits each vertex exactly once. (Here we consider each vertex of any elementary square of the chessboard.) On a 6 × 6 chessboard the number of vertices is 49. Therefore, if there exists any Hamiltonian path, the length of each Hamiltonian path is 48. Our next figure shows a Hamiltonian path connecting two opposite corners of the chessboard. Or next figure gives a larger chessboard tiling with a corresponding Hamiltonian path. On both sides of the Hamiltonian path we find 16 dominos.
The chessboard can be any rectangle with sides of even lengths. The next figures show a chessboard with two Hamiltonian paths. The domino tilings are the same in both cases. Note that the Hamiltonian path connecting the first and the third corners is very different from the Hamiltonian path connecting the second and the fourth corners of the chessboard.
Given an arbitrary domino tiling, in our recent paper listed in the references we showed the existence of a Hamiltonian path between the bottom-left and the topright corners. Similarly, there is another Hamiltonian path between the top-left and the bottom-right corners. Furthermore, these two Hamiltonian paths both have the following nice property. Assume that we start from either the bottomleft or the bottom-right corner. Then both Hamiltonian paths keep the one-way traffic rule that the first (i.e. the left-most), the third, the fifth, etc. vertical lines all go to the north, and the second, the fourth, the sixth, etc. vertical lines all go to the south. Considering the horizontal lines, the first Hamiltonian path goes to the east on the bottom line, on the third line, on the fifth line, etc., and goes to west on the second line, on the fourth line, etc.; on the other hand, the second Hamiltonian path goes to the west on the bottom line, on the third line, on the fifth line, etc., and goes to east on the second line, on the fourth line, and so on.
GENERATING FUNCTION AND NEW RECURRENCE RELATION
Let c n denote the number of domino tilings of a 6 × (2n) chessboard.
As a recent result, from the OEIS Foundation Inc., we learn the generating function of the sequence c 0 , c 1 , c 2 , . . .:
(1 − x) (1 − 39x + 377x 2 − 847x 3 + 377x 4 − 39x 5 + x 6 ) = 1 + 13x + 281x 2 + 6728x 3 + 167089x 4 + 4213133x 5 + ...
Observe that
(1 − x)g 6 (x) = u 3 − 27u 2 + 174u − 274
where u = x + x −1 .
By using the above results we have the following values. In general, we can get these values as the top-left entry of the matrix C n where C is the following 20 × 20 symmetric matrix. 
We call our brand new method the matrix power method for computing the Kasteleyn formula. The proof of the correctness of this method is going to be published in a forthcoming paper. Note that the matrix power method enables us to compute the 4096th element, for example, much faster than the Kasteleyn formula or the generating function method. First you compute C 2 , then C 4 as the square of C 2 , then C 8 as the square of C 4 , and so on.
Interestingly enough, the characteristic polynomial of both C and its inverse matrix C −1 can be written in the following form.
A corollary of this fact is that the numbers c n satisfy the following recurrence relation (for n ≥ 10): This enables us to compute c n+10 if the previous twenty numbers c n−10 , c n−9 , . . . , c n , . . . , c n+9 are already known. Observe that this formula is symmetric with respect to c n−k and c n+k where k = 1, 2, . . . , 10.
CONCLUSION
Each of the exponentially many different tilings of dominos show some symmetries.
Here we gave some examples. The physical and chemical connections might also be interesting.
